Abstract--This paper investigates the problems of decision making with multiple judge, multiple criteria in a fuzzy environment, where the performance of alternatives and the importance of criteria are imprecisely defined and represented by fuzzy sets. A fuzzy model associated with the solution algorithm is proposed on the basis of an ~-level weighted, fuzzy preference relation. A numerical example is solved for illustration. (g)
INTRODUCTION
A number of authors [1] [2] [3] [4] [5] have provided interesting results on group decision making with the help of fuzzy sets theory. The representations of the fuzzy individual preferences provided by those authors can be classified as the following three levels: fuzzy choice set, fuzzy preference relation, and fuzzy utility function. To obtain the fuzzy group preference from the fuzzy individual preferences, different aggregating methods have been used on the basis of consensus pooling, satisfying a number of conditions, such as reciprocity and max-min transitivity for group as well as individual preferences. However, the existing approaches for solving multiple judge, multiple criteria decision problems in a fuzzy environment are either computationally complex and hence difficult to implement with a usual set of judges, or assuming one judge who then essentially becomes the decision maker.
In this paper, we present a simple but efficient fuzzy model associated with a solution algorithm to multiple judge, multiple criteria decision problems involved in a fuzzy environment, where the performance ratings and the criterion importance are defined imprecisely and represented by fuzzy numbers. The presentation of the rest of the paper is organized as follows. In Section 2, the basic notions of fuzzy sets and fuzzy operations are introduced. In Section 3, two existing ranking methods are discussed, and an improved fuzzy preference relation is then suggested. As a result, a fuzzy model associated with solution algorithm to group decision making is presented in Section 4, and a numerical example is shown in Section 5. Finally, in Section 6 we draw some concluding remarks on the fuzzy group decision making.
FUZZY SETS AND FUZZY OPERATIONS
Let • be the real line, which is viewed as a universal set of all fuzzy subsets discussed in this paper. 
DEFINITION 4. A fuzzy preference relation R on R is a fuzzy subset of R x R with membership function # R ( A, B ) , V A, B C_ R, where # R ( A, B ) represents the degree of preference of A over B. (a) R is reciprocal iff #n(A, B) = 1 -#R(B,
A
COMPARISON OF FUZZY SETS
A variety of methods for comparing or ranking fuzzy sets have been proposed in the literature since 1976. These ranking methods, however, seem to suffer more or less from lack of discrimination and occasionally conflict with each other. A systematical review was ever given by the author in 1988 (see [6, 7] ). In this paper, we concentrate on only two selected methods. Both of them are based on fuzzy preference relations.
Review of Nakamura's Method and Yuan's Method
A well-known fuzzy preference relation P between fuzzy sets Ai and Aj is defined by Nakamura in [8] , that is, As pointed out by Yuan in [5], Nakamura's fuzzy preference relation is not robust and lacks discrimination in some special cases. To overcome those drawbacks, Yuan defines a fuzzy preference relation Q based on the extended difference Ai 0 Aj. That is,
where Zo is the real number zero,
ttAi~OAj (Z)>_O~
and ~AiOAj (Z) iS defined by (1) It is clearly seen from (5) and (6) and real number zero (see Figures 1 and 2 , where s t = s6 + s2 + 84 and s~ = s6 + sl + s5). It indicates that the comparison becomes simpler and clearer through the transformation. Upon careful examination of Figures 1 and 2 , we further observe that the dominance of Ai over A j, measured by areas s2 + s4 + 2s3, and the dominance of Aj over A~, measured by the areas Sl + ss, are not at the same possibility levels. In accordance with the possibility distributions, the former has much higher possibility and thus is much more possible than the latter. To reflect the influence of levels of possibility of dominance, an improved fuzzy preference relation R is suggested in the following section. 
A New F-Preference Relation
Comparing (7) with (4), it is clear that R is essentially an a-level weighted preference relation of Q. If Ai and Aj are both triangular fuzzy numbers in the form of (ai, b~, ci) and (aj, bj,cj), 
It is easy to verify that R is reciprocal and transitive, and hence a fuzzy total ordering. R is also robust, satisfying Yuan's definition. The proof of these properties is essentially the same as those shown by Yuan in [5] .
In the case of ranking more than two fuzzy subsets, say A1,A2,... ,Am, we may use the preference relation R(A~, Aj) for pairwise comparison and we need to calculate (1/2)n(n - 
Note that if all fuzzy entries are triangular fuzzy numbers, the fuzzy set of extended average is also a triangular fuzzy number.
FUZZY MODEL WITH SOLUTION ALGORITHM TO GROUP DECISION MAKING
Consider the problem of ranking m alternatives, called A1, A2,..., Am from 'best' to 'worst'. A committee of n judges, called J1, J2,..., Jn, is formed to identify L decision criteria, say C1, C2,..., CL. Each judge is to evaluate the alternatives and the criteria individually, and then assign performance ratings to the alternatives for each criterion, and also importance weights to the criteria with respect to some overall objective. Performance ratings and importance weights assigned by the judges could be linguistic variables. In this paper, the linguistic terms are transferred to triangular fuzzy numbers of the form (a, b, c), where a, b, and c are real numbers and a < b < c.
Let F be the set of fuzzy numbers and F0 be those (positive) fuzzy numbers used by the judges.
Let Pkij 
CL
Given data Pk and W, we must aggregate the fuzzy information provided by Pk and W to represent each alternative as a fuzzy set Ai. Having defined a fuzzy preference relation R, #R(Ai, A) gives the degree to which the preference Ai _> A is true, where A is the extended average of the fuzzy alternatives. Let A be the set of all alternatives to be considered in the problem. If we define the best alternative in A as a fuzzy set, denoted by B, then each alternative Ai in A will have a grade of membership #B(Ai), to which alternative Ai is considered as the best alternative in A, i.e.,
B = {(Ai,#B(Ai))]Ai e A}.
Here #B(Ai) may be defined by #R(Ai,A) and the alternative with the maximum membership is regarded as the best. That is,
Problem (10) is considered as a fuzzy model of group decision making for selecting alternatives which best satisfy the criteria. Before we solve problem (10), we need to define the extended product of two triangular fuzzy numbers, which results from aggregation of fuzzy weights with fuzzy performance ratings.
THEOREM. Let P and W be triangular fuzzy numbers in the form of (Pl, P2, P3) and (Wl, w2, w3) 
where
= Wl(P2 --Pl) -4-pl(W2 --Wl), A2 = w3 (P3 -P2) + P3 (w3 -w2),

-~ WlPl, A3 ~-w3P3,
PROOF. The proof is a straightforward consequence of fuzzy number manipulation on extended product. The detail of fuzzy arithmetic can be found in [9] . | Note that the extended product of triangular fuzzy numbers is no longer a triangular fuzzy number. Its membership function is parabolic, instead of linear. For convenience of description, a fuzzy number with parabolic membership function in this paper is denoted by its parameters as (51,52, 53/d/Ai, A~, A3).
To find the optimal solution of (10), a stepwise described algorithm is presented as follows. STEP 2. Aggregate fuzzy performance ratings through all judges by means of extended addition and scalar multiplication to form a comprehensive performance matrix P, in which performance 2 DPi~) is a triangular fuzzy number of the form rating p~j = (l/n) (S) (Pi~ @ Pij@,'-., 
Azij = w3j (P3ij -P2ij) + P3ij (w3j -w2j), STEP 5. addition and scalar multiplication through the criteria. That is,
with parabolic membership function in the form of (6xi, 62i, ~3i/Ai/Ali, A2i, A3i), where 
] 5 + ~2).~ + ~3).~
2, 
AN ILLUSTRATIVE EXAMPLE
Judges: J1 and J2.
Criteria: C1, C2, and C3.
Weights: W1, W2, and W3.
Alternatives: A1 and A2. Basic Data: Tables 1 to 3 where all data are triangular fuzzy numbers. (Table 4) . Table 4 . Comprehensive weights (Table 5 ). which is shown in Figure 5 . 
CONCLUSION
In this paper, an a-level weighted F-preference relation is suggested to compare or to rank sets, and hence fuzzily-rated alternatives. Furthermore, a fuzzy model associated with the solution algorithm is proposed to solve decision problems with multiple judge, multiple criteria in a fuzzy environment, where judges are allowed to use fuzzy sets to evaluate the performance of alternatives and the importance of criteria. Since the modelling problem is solved analytically by the algorithm, it provides a precise solution, not only an approximate solution. In addition, the algorithm is easy to be coded into a computer program due to the stepwise description.
